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1 Introduction 

When studying dualities between string or gravitational theories in anti-de Sitter back- 
grounds and conformal theories on their boundaries [1], the 3-dimensional case is espe- 
cially interesting. Indeed, the symmetries of asymptotically AdS spacetimes [2l [3l IH 
provide a representation of the algebra of conformal Killing vectors of the flat bound- 
ary metric. In 3 spacetime dimensions, this algebra is infinite-dimensional and powerful 
techniques of 2-dimensional conformal field theory are available. 

Historically, the first example where the asymptotic symmetry group is enhanced with 
respect to the isometry group of the background metric and becomes infinite-dimensional 
is the one of asymptotically flat 4-dimensional spacetimes at null infinity [I51[6l|7l. In this 
case, the induced metric is 2-dimensional because the boundary is a null surface. The 
asymptotic symmetry group of non singular transformations is the well-known Bondi- 
Metzner-Sachs group. It consists of the semi-direct product of the group of globally 
defined conformal transformations of the unit 2-sphere, which is isomorphic to the or- 
thochronous homogeneous Lorentz group, times the infinite-dimensional abelian normal 
subgroup of so-called supertranslations. 

There is a further enhancement when one focuses on infinitesimal transformations 
and does not require the associated finite transformations to be globally well-defined. 
The symmetry algebra is then the semi-direct sum of the infinitesimal local conformal 
transformations of the 2-sphere with the abelian ideal of supertranslations, and now both 
factors are infinite-dimensional HSl. 

A first hint on what the symmetry algebra of asymptotically flat spacetimes at null 
infinity might be, independently of precise fall-off conditions on the metric, can be ob- 
tained by solving the Killing equations to leading order. This has been done in [9| in all 
dimensions greater than 3. In 4 dimensions, the infinite-dimensional nature of the con- 
formal factor of the bms^ algebra has been emphasized. In 3 dimensions, the asymptotic 
symmetry algebra bmss, originally derived in [fTOl[TT| . has been recovered. The algebra 
of surface charges has been shown to provide a centrally extended representation of bmss 
which has been related by a contraction, similiar to that from so (2, 2) to iso(2, 1), to the 
centrally extended Poisson bracket algebra of surface charges of asymptotically anti-de 
Sitter spacetimes in 3 dimensions. 

The aim of the present work is to reconsider from the point of view of local conformal 
transformations the 4-dimensional case which is, in some sense at least, of direct physical 
relevance. In particular, we provide a detailed derivation of the natural generalization of 
the bmS4 algebra discussed above. No modification of well studied boundary conditions 
is needed and the transformations are carefully distinguished from conformal rescalings. 

A major motivation for our investigation comes from Strominger's derivation [|T2l 
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of the Bekenstein-Hawking entropy for black holes that have a near horizon geome- 
try that is locally AdS-^ by using the Brown-Henneaux analysis of the surface charge 
algebra of asymptotically anti-de Sitter spacetimes at spatial infinity. More recently, 
a similar analysis has been used to derive the Bekenstein-Hawking entropy of an ex- 
treme 4-dimensional Kerr black hole [|T3l . One of our hopes is to make progress along 
these lines in the non extreme case, either directly from an analysis at null infinity or 
by making a similar analysis at the horizon, as discussed previously for instance in 

Related work includes ||27ll28l on asymptotic quantization where for instance the im- 
plications of supertranslations for the gravitational ^-matrix have been discussed. Asymp- 
totically flat spacetimes at null infinity in higher spacetime dimensions have been investi- 
gated for instance in [|29l[30l[3n[32l . while various aspects of holography in 4 dimensions 
have been studied in some details in [I33l[34ll35l|36l[371|38l|39l. In particular, a symmetry 
algebra of the kind that we derive and study here has been conjectured in [40]. 

This paper is organized as follows. Asymptotically AdS^ spacetimes in Fefferman- 
Graham form are briefly reviewed in the next section in order to illustrate the approach 
adopted for the asymptotically flat case in a well-studied situation. In order to be self- 
contained, we include details of the computations. The section is based on results orig- 
inally derived and discussed for instance in[|4B[3il|43llMl45l|4a|471|4l|49l|5a: 
in particular, for asymptotically AdS3 spacetimes in the sense of Fefferman- Graham, the 
gauge is completely fixed as all subleading orders of the asymptotic Killing vectors are 
uniquely determined; furthermore, the general solution of the equations of motion can be 
written down in closed form for an arbitary boundary metric. We then compute how the 
local conformal algebra in 2 dimensions is realized on solution space and analyze how 
this realization is probed by a covariant version of the Brown-Henneaux charge algebra. 

A novel result in this context concerns the representation of the local conformal al- 
gebra and its abelian extension by conformal rescalings in terms of spacetime vectors 
equipped with a new, modified Dirac-type Lie bracket taking into account the metric de- 
pendence of the asymptotic Killing vectors due to the gauge fixing. 

In section |3l we re-analyze asymptotically flat spacetimes at null infinity in 3 dimen- 
sions. We start by rederiving their symmetries in the form suggested by the analysis of 
the 4 dimensional case by Sachs and by the Fefferman-Graham analysis of asymptotically 
AdS spacetimes in 3 dimensions. In particular, we discuss the extended symmetry alge- 
bra and its representation in terms of spacetime vectors equipped with the modified Lie 
bracket. Furthermore, we provide the general solution to the equations of motions. We 
then analyze how bmss is realized on solution space and how this realization is probed by 
the centrally extended covariant surface charge algebra. 

In the main section |4] on asymptotically flat spacetimes at null infinity in 4 spacetime 
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dimensions, we derive the asymptotic algebra and prove the main result on local confor- 
mal transformations announced in [[8l. hi order to do so, we follow closely the original 
analysis of Bondi, Metzner and Sachs [151[6l|7l, but as suggested by the geometrical anal- 
ysis of Penrose [|51L we allow for an arbitrary conformal factor in the boundary metric. 
More precisely, by allowing meromorphic functions on the Riemann sphere, we show that 
the asymptotic symmetry algebra involves instead of the Lorentz algebra two copies of 
the Witt algebra that act in a natural way on the abelian ideal of supertranslations. By re- 
stricting ourselves to exact isometrics of Minkowski spacetime, we identify the Poincare 
subalgebra of bms4. We show how the asymptotic symmetry algebra is represented by 
the spacetime vectors equipped with the modified Lie bracket and generalize these results 
to the extended algebra including conformal rescalings of the boundary metric. 

We then turn to a detailed discussion of solution space by mostly following [[52l[53l . 
Under appropriate assumptions, the arbitrary functions which arise as integration con- 
stants in the general solution to the equations of motion are identified. They involve in 
particular the so-called news tensor together with the mass and angular momentum as- 
pects. We include a discussion of the leading logarithmic term and generalize existing 
results by allowing the conformal factor to explicitly depend on time. 

The second main result consists in deriving the transformation properties under the 
asymptotic symmetry algebra bmS4 of some of the fields characterizing the solutions. In 
particular, conformal dimensions and central charges under local conformal transforma- 
tions of the news tensor, the mass and angular momentum aspects are worked out. 



2 Asymptotically AdSa spacetimes in Fefferman-Graham 
form 

The Fefferman-Graham form for the line element of a 3 dimensional asymptotically anti- 
de Sitter spacetime is 

ds'^ = —dr^ + gAsir, x^) dx^dx^, (2.1) 

with gAB = 'i"'^'1ab{x'") + 0(1), where 'Jab is a conformally flat 2-dimensional metric. 
For explicit computations we will sometimes choose the parametrization ^ab = e^'^VAB 
with (p{x'^) and rjAB the flat metric on the cylinder, i^ABdx^dx^ = —dr'^ + dcj)'^, r = jt. 

2.1 Asymptotic symmetries 

The transformations leaving this form of the metric invariant are generated by vector 
fields satisfying 

C^grr = = C^grA, jC^^gAB = 0(1), (2.2) 
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which implies 

/A = _l^Q^^ J- djigAB ^ -^^ABQ^^ + 0(^-4)^ (2-3) 

where is a conformal Killing vector of 7^5, and thus of tjab^ while if) = DaY"^ is the 
conformal factor. 

Indeed, the inverse to metric (|2.1I) is 

where q^^Qbc = ^c- From C^g^r = 0, we find = Ar for some A{x'^). From 
= we find dr^^ = -q^^'^DbA so that = + for some F^(x^) 
and where = PdsA dr' g'^^r''^ . Finally, C^qab = 0(1) requires to be a 
conformal Killing vector of ^ab and A = 

Let = [Yi, 1^2]^, = DaY"^, denote by the change induced in ^^^{g) due to 
the variation S^^^g^u = ^^i9tj.u and define 

[6, 6]^:,/ = [6, 6]^' - '^ies^ + (2.4) 

For vectors ^1, ^2 given in (|2.3I) . we have 

where denotes with ^ replaced by ^jj. 

Indeed, for the r component, we have 5^^^2 = the result follows by direct com- 
putation of the Lie bracket. Similarily, limr_^oo[^i7 ^2]^ — Finally, using = 
and dr^^ = —^dsCg^^ ^ straightforward computation shows that c^r([^i, ^2]^) = 
— ^dB{[^i, ^2]M)g^^, which gives the result. It thus follows that on an asymptotically 
anti-de Sitter spacetime in the sense of Fefferman-Graham (solving or not Einstein's equa- 
tions with cosmological constant): 

The spacetime vectors (|2.3I) equipped with the bracket [■, ■]Mform a faithful represen- 
tation of the conformal algebra. 

By conformal algebra, we mean here the direct sum of 2 copies of the Witt algebra. 
Furthermore, since 5|^^2 = 0' ^li^2 = 0{r^'^), it follows that these vectors form a 
representation of the conformal algebra only up to terms of order 0(r~^) when equipped 
with the standard Lie bracket. 

d d 

In terms of light-cone coordinates, = r±0, 2d± = -^±-^,'weha\ejABdx^dx^ = 
—e^'^dx~^dx~, and if, 

Y^{x^)d± = J2cVi, = -{x^r'-'d^, (2.5) 
nez 
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the algebra in terms of the basis vectors reads 

[tJn] = im-n)lt [lti^] = Q- (2.6) 

More generally, one can also consider the transformations that leave the Fefferman- 
Graham form of the metric invariant up to a Weyl rescaling of the boundary metric 'Jab- 
They are generated by spacetime vectors such that 

C^g^,. = = C^grA, ^^9ab = 'iujgAB + 0(1). (2.7) 

It is then straightforward to see that the general solution is given by the vectors (12.31) . 
where ip is replaced hy ip = 'ip — 2uj. When equipped with the modified Lie bracket 
[■, ■]m these vectors now form a faithful representation of the extension of the two di- 
mensional conformal algebra defined by elements (F, u) and the Lie bracket (F, u) = 

= Y^ObY^^ - YfOsY,'', Q = 0, (2.8) 

with u{x'^) arbitrary and conformal Killing vectors of 'Jab and thus also of t]ab- The 
asymptotic symmetry algebra is then the direct sum of the abelian ideal of elements of 
the form (0, tu) and of 2 copies of the Witt algebra. 

Indeed, we have lim,.^oo(^[^i, 6]m) = -|>"/5aV^2 + dcUJiYf + (1 o 2) = -i^ 
and dr{^[^i, ^2]m) = 0' while the proof for the A-component is unchanged. 

2.2 Solution space 

Let us now start with an arbitrary metric of the form (12.11) , without any assumptions on 
the behavior in r and let = \g^^ gcB,r- One can then define through the relation 

^^ = ^^5 + ^^^ We have 

— _1 _ n = n 

rr 5 rA ^5 rr 

r 

2 

'- AB — p'^AB, ^ rB — '^Bi ^ BC ~ ^ BC^ 

where "-^^r^^ denotes the Christoffel symbol associated to the 2-dimensional metric gAB, 
which is used to lower indices on k^. If K'^'^b denotes the traceless part of K^, the 
equations of motion are organized as follows 

g^^'GAB -l = Q^drK = -r-\\K^ + K^sK^ll (2.9) 

Gab - \gABg''''GcD = ^ dr-K^i = -r-^KK'^i, (2.10) 
GrA = t-^'^'^DbK^ - OaK) = 0, (2.11) 
Grr - l^grr ^ \ [r-\\K' ' K^^K^^) + 2r-'K - = 0. (2.12) 
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Combining the Bianchi identities 2{y/—gG^)^i3 + yf—gGis^g^'^ ,^ = with the covariant 
constancy of the metric, we get the identities 

2(y VI^^^^a),. + 2{l,Jy!^\g^^[GcA - ^^7ca]),b+ 

+ -^^J^\{Gbc - ]^9Bc)9'''' ,A^^, (2.13) 



r 

+ ]\lp9\[Grr - ^] - ^-^1\^\{Gab - ^9AB)k^'' = 0. (2.14) 
To solve the equations of motion, we first contract (12.101) with K^^, which gives 

If we assume K'^'^K'^^ = we can take the sum and difference with (12.91) to get 

d,{K + /C) = ~\r-\K + 1C)\ dr{K -iq = -\r-\K - /C)^ 
which can be solved in terms of 2 integration "constants" C(x^), D{x^) 

K = -^ ^ j^tA {D-Cf 

G + \r~^ + ^ ^ 2(C + ir-2)2p+ 1^-2)2- 

When used in (12.101) . we find 

tA _ .tA, 1 ^ N ^T^^T-B _ i 

B — ^ ,1-2 nil -2''' B A — o' 

and can now reconstruct the metric from the equation dr9AB = '29Ack^- Defining 9 = 
X + ^, = ^ _ we get 

9AB = r'^AB [1 + ^0 + + ^')] + ^Ib P + 4^0^] , (2.15) 

where 7^5 are additional integration constants, restricted by the condition that is 
symmetric, of signature —1. The index on is lowered with 7^5, with requested 
to be symmetric. It follows that A^^ contains only 1 additional independent integration 
constant. Writing qab = t'^Iab + Iab, with 7^^ = ^ab + o(r°), we have = 
~1b + o(r°) where the index on 7^ has been lifted with 7"^^, the inverse of 7^5. 



When (|Z9l ) and (12.101) are satisfied, the Bianchi identity (12.131) implies that r ^/\y^\GrA 
does not depend on r. The equation of motion (|2.1 II) then reduces to the condition 



DBi'l-dAl = Q, (2.16) 
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where 7 = 7a- When this condition holds in addition to (12.91 ) and (|2.10l) . the remain- 
ing Bianchi identity (12.141) implies that r'^\/\^'^^g\[Grr — ^] does not depend on r. The 
equation of motion (12.121) then reduces to the condition 

- 

7 = --i?, (2.17) 

and also from the leading contribution to K that 6 = — ^-R. The constraint (|2.16l) then 
becomes ^ 

DbI^a^ = --OaR. (2.18) 

d d 

To solve this equation, one uses light-cone coordinates, = r ± 0, 2d± = ^ ± ^ 
and the explicit parameterization ^Andx^dx^ = —e^'^dx^dx'. This gives 

7 = -Afe-^'^d+d-^ ^ 7+_ = Pd+d^if, (2.19) 

while the general solution to (12.181 ) is 

7±± = I' [S±±(x±) + dly^ - {d±^f] , (2.20) 

with S-i--i-(x^) 2 arbitrary functions of their arguments. Using (12.151) . one then gets 

^L^ = 7±±, Al_ = 0, Q' = 16e-^'^7++7__. 

In other words, one can choose 'f{x~^, x~), r.±±{x^) as coordinates on solution space and, 
by expressing (12.151) in terms of these coordinates, we have shown that 

The general solution to Einstein's equations with metrics in Fefferman-Grahamform 
is given by 

gABdx^dx^ = - e^^r^ + 27+. - r-^e'^'Pi^l^ + l++l-^)^dx^dx- + 

+ 7++(l - r-2e-2'^7+_)(rfx+)2 + 7-(l - r-2e-2^7+_)(rfx-)^ (2.21) 

with ^AB defined in equations (12.191) and (12.201) . 

For instance, in these coordinates, the BTZ black hole ll54l[55l is determined by = 

and 

S±± = 2(S'(M± y). (2.22) 

2.3 Conformal properties of solution space 

By construction, the finite transformations generated by the spacetime vectors (12.31) leave 
the Fefferman- Graham form invariant, and furthermore transform solutions to solutions. 
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Using light-cone coordinates and the parametrization jAsdx^dx^ = —e^'^dx'^dx , 
we have 

= %l) = d+Y+ + d-Y- + 2d+^Y+ + 2d-ipY-, 

and get 

^ I' [Y^d^E^^ + 29±F±S±± - hlY^] + 0(r-2), 
It follows that the local conformal algebra acts on solution space as 

- SE±i = y±9±s±± + 29±y±s±± - (2.24) 

and with 5ip = 0. Note that the overall minus sign is convential and choosen so that 
6E±± = 6yE±± satisfies [5yi,5y2]-±± = S[Yi,Y2]'^±±- 

More generally, when considering the extension of the conformal algebra discussed 
at the end of section 1231 we find that 

Ci9±± ~ [Y^d^E^i + 29±F±S±± - ^diY^+ 

+ dlu - 2d±ipd±io] + 0(r-2), 

2 

and thus, that the extended algebra acts on solution space as in (|2.24l) with in addition 

— 5ip = LO. 



2.4 Centrally extended surface charge algebra 

Let us take 

ip = 0. (2.25) 

in this section. In fact, starting from a Fefferman- Graham metric (12.11 ) with ^ab = g^'^Vab 
one can obtain such a metric with vanishing Lp{x'^) through the finite coordinate transfor- 
mation generated by C,^ = —(fr and = —PdBf ^g^^{x,r') since C^Qrr = = 
C^grA and C^rgAB = -2ipgAB- 
The background metric is then 

df = -r^dr^ + ^^dr^ + r^d<p\ (2.26) 
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Furthermore, 

F+ = + r*, Y- = Y^ - a = 7++ + s = 7++ - 7. 

and gAsdx^dx^ = —r'^dr'^ + r'^dcj)^ + hAsdx^dx^ with 



(2.27) 



For the surface charges, we follow [|56B . up to a global change of sign, and use the 
expression 



Qi[9- 9,9] 



(c? x) 



Here 



{d'^-'xU 



a^.^dx"' A ■ ■ ■ A dx""-\ eoi...„-i = 1 



. (2.28) 



A;)! "'^"^ 

with n = 3 and the surface of integration is taken to be the circle at infinity. This 
gives 

r-27r 



Qd9-9,9] 



— lim / rc 



. (2.29) 



Using 



D^h - D^h^'' + D'hl - D^hl = (^A/irB - DrhAB) = r-\d^K^ - 

r r 

- - 2r 1 

r 



we find explicitly 

Qd9-9r9] = }^ / ^0 C^Y^h^^ + 2Y'^K^) 
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The considerations of ll56l suggest that these charges form a representation of the 
conformal algebra, or more precisely, that 

2«i[A2^.^] ~ 2ki,6]m[^ -9,9] + ^,6' (2-31) 
^6,6 = 2?i 1^(29, 9], [6, 6]Af = [6,6] + 51^2 - 5|,6. (2.32) 

An asymtotic Killing vector of the form (12.31) depends on the metric, ^ = .^[xjgf] and 
5|^^2 = 6k, Ci:,g]. From = ©(r'^) and = 0(r-4), it follows that only the 
Lie bracket [^1, ^2] contributes on the right hand side, Q[^,,^2]m [9-9,9] = Qki,C2] [9-9,9]- 
Using (12.231) . (12.271) and integrations by parts in and the conformal Killing equation 
for Y-^, Y2 to evaluate the left hand side, one indeed finds 

[I^i29, 9] ~ Q-\ir,i2\[9 -9,9]^ 

1 . . (2-33) 

where -f^^i.^a ^ form of the well-known Brown-Henneaux central charge. 

In addition, the covariant expression for the surface charges used above coincides on- 
shell with those of the Hamiltonian formalism [l56l[57l. In this context, it follows from 
the analysis of ll58l[59l [3l that the surface charge is, after the Fefferman- Graham gauge 
fixation, the canonical generator of the conformal transformations in the Dirac bracket. 



3 BMS3/CFT1 correspondence 



We consider metrics of the form 



ds^ = e^^-du^ - 2e^^dudr + r^e^'^(d(j) - Uduf, 
r 



or, equivalently. 



9iMu 



with inverse given by 



.2/3 



/ - 



-e 





-2/3 



\ 



V 







_f;g-2/3 ^-2g-2^ 



(3.1) 



Here, Lp = Lp(u, 0). Three dimensional Minkowski space is described hyLp = = (3 = U 
and V = — r. The fall-off conditions are taken as (3 = 0(r^^), U = 0(r^^) and V = 
—2r'^du(p + 0{r). In particular, guu = —2rdu(p + 0(1). 
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3.1 Asymptotic symmetries 

The transformations leaving this form of the metric invariant are generated by vector 
fields such that 

^^iQrr = = C^gr,j,, ^^9(t><l> = 0, (3.2) 

C^gur = 0(r"^), C^gu^ = 0(1), C^guu = 0(1). (3.3) 
Equations (|3.2I) imply that 

C = f, 

^<t> = Y + I, 1 = -e-'^d^f j^dr'r'-\^^ = -\e-^^d^f + 0(r-2), (3.4) 



with drf = = dr-Y. The first equation of (13.31) then implies that 

duf = fduif + Yd^if + d^Y ^ f = e^[T+ [ du'e^^^id^Y + Yd^ 

Jo 



(3.5) 



with T = T(0), while the second requires duY = and thus Y = Y^cp), which implies 
in turn that the last one is identically satisfied. 

The Lie algebra bmss is determined by two arbitrary functions (Y, T) on the circle 
with bracket [(ri,Ti), (l2,T2)] = (r,f) determined hy Y = Yid^Y2 -(1^2) and 

T = Yid^T2 + Tid^Y2 - (1 2) . Let ^> = S"^ x M with coordinates m, and consider the 

- d d 

vector fields ^ = f'g:^^^'g^ ^^^^ / (13.51) and F = F(0). By direct computation, it 
follows that these vector fields equipped with the commutator bracket provide a faithful 
representation of bmSs. Furthermore : 

The spacetime vectors (13.41 ). with f given in (13.51 ) and Y = Y{(j)) form a faithful 
representation of the bmSs Lie algebra on an asymptotically fiat spacetime of the form 
(|3.1I) when equipped with the modified bracket [■, ■]m- 

Indeed, for the u component, there is no modification due to the change in the metric 
and the result follows by direct computation. As a consequence, / = [^1,^2]"^/) corre- 
sponds to / in (|3.5I) with T replaced by T and Y hyY . By evaluating C^g'^", we find 



0, 

hl^ = edaP + I [duf + drC + d^fU], (3.6) 
It follows that 
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We also have limr_j.oo[^i, ^2]$/ = ^ ■ Using dri"^ = ^—pr^d^f, (|3.5I) and the expression 
of in (|3.4I) . it follows by a straightforward computation that ^2]!/) = ^-tt-^"^^/, 

which gives the result for the </> component. Finally, for the r component, we need the 
relation 

dr{^) = -dr{d4,e + ^'^d^fd^^ - d^fU). 

We then have limr_s>oo = — — Yd^ip — fduf, while direct computation shows 

thata,(^^^2lM) ^ _a,(6'!^([ei,e2]t/) [6,6]^^' whichgivesthe 

result for the r component. 

More generally, one can also consider the transformations that leave the form of the 
metric (13.11) invariant up to a rescaling of ip by uj{u, 0). They are generated by spacetime 
vectors satisfying 

^^grr = = C^grfj), ^£,g(j,4> = Swgf^^, (3.8) 

C^gur = 0{r''), C^g^^ = 0{l), C^g^u = -^rd^u + 0{1). (3.9) 

Equations (13.81) . (13.91) then imply that the vectors are given by (|3.4|) . (|3.5|) with the re- 
placement dfj,Y — )■ — Lu. 

- d d 

With this replacement, the vector fields E = f^+Y^ on^ = S'^xM equipped with 
the modified bracket provide a faithful representation of the extension of bmsa defined 
by elements {Y,T,u) and bracket [{Yi,Ti,ui), (^2,^2, 0/2)] = {Y,f,u), with F,f as 
before and cD = 0. 

Indeed, the result is obvious for the component. Furthermore, 

SU2 = uJih + e'^ / du'e-'<'[-uj,{d^Y^ - c^2 + >^29<^</') + Y^d^uj,]. 
Jo 

AtM = 0, we get [^1,^2] m\u=o — e"^ I „=oT, while direct computation shows that ^2] m) — 

fdu^p + Yd^(p + d^Y, as it should. 

Following the same reasoning as before, one can then also show that the spacetime 
vectors (13.41) with the replacement discussed above and equipped with the modified Lie 
bracket provide a faithful representation of the extended bmss algebra. 

- d d - - ^ 

Indeed, we have ^ = ^ + /— +^'^— . Furthermore, [6,6]m = [6,6]m = / as it 

should. In the extended case, the variations of (3,U are still given by (|3.6I) . We then have 

limr^oo[6,6]M = ^ and find, after some computations, i9r([6,6]M) = ^-72"^^^?^/. 
giving the result for the (p component. Finally, we have limr_j.oo ^^^'^^^^^ = —d(f,Y — 
Yd^tp — fdu^p, while direct computation shows that = —dr[d^{[^i,^2]M) ~ 

d<f>{[Ci, ^2]m)U + [^1, C,2]M<^^f) , which gives the result for the r component. 
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3.2 Solution space 

Following [|52l . the equations of motion are organized in terms of the Einstein tensor 

Gap = Rap — \gapR 

Gra = Q, Gab-\9ab9''''Gcd = Q, (3.10) 

Guu = ^ = GuA-, (3.11) 

(7^^6-00 = 0, (3.12) 
and the Bianchi identities are written as 

= 2^Gi.^p = 2{^Gi),p + ^Gp,g^\^. (3.13) 

For a metric of the form (13.11 ). we have 

— ^r'^t^,rj ^ Xr ~ ^5 ^ (t>r ~ 1^ ,<t> + '^tftr ~ ~' 

rt = + r-'e'^-'^{d^^ - n), T^^ = (3,^ - n - e-'^+'^rU, 
Kr = —idr + 2P,r)j " (A^ + n)U, tJ^ = d^ip + U -n)- e-'^+'^rU', 
= 2/3,„ + ^{dr + 2(3,r)j + 2Un + e'^^+^^rf/^, 
= e-'''^'''{r%U + r^d^ipU + r^d^^ + V), 
= --^ - ^7 - e-'^''^''U[r%U + r%ipU - r^du^p + V], 

Tt = 2t//3,. + lu{dr + 2/3,,)- + 2U^n + re-^^+^^U' - - 2d^ipU 
2 r 

Ku = -kdu - 2d^P)- + l-{dr + 2drP)- + Vre'^-'^U{dr + -)U + r'e-'^+'^U'd^^ 
2 r 2 r r r 

+ ^Uid^ + 2d^P)j + ir2e-2^+2^f/(9^ + 2d^ip)U, 

where the notation n = ^r'^e'^'-''~'^^drU has been used. 
We start with GrT = 0. From 

r 

we find /3 = by taking the fall-off conditions into account. From 

Gr^ = Rr^ = {dr + -)n + -8^(3, 
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we then obtain, by using the previous result, that n = y where the integration constant 
N = N{u, (p). Using the definition of n, we get U = -r~'^e~^'^N. From Gm = -g'^'^Rcf><f> 
and 

- 2dp + 2d^/3d^y^ - 2{d^f3 - nf - 2d^y^n + 284,11 

= e^^ (^{dr -^)V + 2rdu'^^ - 2r"^iV^ 

we get dr{^) = -2duf + 2r~^e'^'^N'^ and then 

V = -2r^duip + rM- r^^e^^'^A^^ 

for an additional integration constant M = M(u, 0). 

When Grr = Gr^ = Gru = 0, the Bianchi identity (13.131) for a = r implies that 
G44 = 0. This implies in turn that R = 0. The Bianchi identity for a = then gives 
dr{rGu<f)) = 0. When Gu4, = 0, the Bianchi identity for a = m gives dr{rGuu) = 0. To 
solve the remaining equations of motion, there thus remain only the constraints 



lim rRus = 0, lim rRuu = 0. 

r— >oo 



to be fulfilled. From 



Ru4 = I (-(-9. + d^^)N + ^d^Mj + 0(r-2) 

we get 



while 



Run = ^ (^-lidu + 2duV)M + e-2'^9„(95</. - ^{d^^Y)^ + 0(r 



-2^ 



implies 

M = e-'^[e{cP)-id^^y + 2dl^]. 

We thus have shown: 

For metrics of the form (13.11) with limr_j.oo /? = 0, the general solution to the equations 
of motions is given by 

ds^ = Suudv^ — 2dudr + 2su(f,dud(f) + r'^e^'^dcl?, 

Sun = e"^'^ [e - ((90(^)2 + 2dl<^] - 2rdu<^, ^ 

S + /" due-^ [^d^Q - dM<d - {d^^f + 39>] + dl^] " 



where 6 = 6((/)) and H = are arbitrary functions. 
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3.3 Conformal properties of solution space 

By computing C^s^^, we find that the asymptotic symmetry algebra bmss acts on solution 
space according to 

-6e = Yd^e + 2d^Ye - 2dlY, 

-6E = Yd^E + 2d^YE + ^Td^Q + d^TQ - dlT, (3.15) 
-5ip = 0. 

For the extended algebra, the first two relations are unchanged, while —5(f = u. 



3.4 Centrally extended surface charge algebra 

Let us again take = in this section. For the surface charges computed at the circle 
at infinity u = cte, r = cte — )■ oo, one starts again from (12.281) . The background line 
element, which is used to raise and lower indices, is 



ds = —du — 2dudr + r 



2 JJ,2 



(3.16) 



This gives 

Qda - 9,9] 



7^ li'^ 



2n 



+ h''^{D^^^ - D^C) - \h-''{D'^^. - • (3.17) 



Using 



r 

D'h - D^h"-" - D'-hl + D^hl = --K^ + -Kr + \d^K^, 

Or^u _ ^u^r ^ _2Q^Y + 0(1), 

2 2 1-^1- 



we get 

Qii[9-9^9\ 



7^ 

IGvrG r-->oo 



27r 



[rhur + uhuu)d^Y + KuT + 2hu4>Y 



1 

levrG 



'{QT + 2EY). (3.18) 



18 



Barnich, Troessaert 



The surface charges thus provide the inner product that turns the linear spaces of solutions 
and asymptotic symmetries into dual spaces. It follows that the solutions that we have 
constructed are all non-trivial as different solutions carry different charges. 

From = 0, ^|^^^ = 0{r-^) and §1^2 = 0{r-^), it follows that only the Lie 
bracket [^1,^2] contributes on the right hand side of (12.3 ll) - (|2. 321) . Q[^i,^2]m[9 ~ 9^9] = 
Q[^-t^,^2][9 ~ 9^9]- Using (13.181) . (|3.15l) and integrations by parts in d^p to evaluate the left 
hand side, one indeed finds 

Q^A^i29,9] ~ -9,9]+ ^6,6' (3-19) 



where K^^^^^ is the central chargeQ. 



(3.20) 



4 BMS4/CFT2 correspondence 



4.1 Asymptotically flat 4-d spacetimes at null infinity 



Let X 







M, X 



r, X 



9,x^ = (p and A,B, 



2, 3. Following mostly Sachs [7] up 



to notation, the metric g^u of an asymptotically flat spacetime can be written in the form 

ds^ = e^/^-du^ - 2e'^^dudr + QAsidx^ - U^du)(dx^ - U^du) (4.1) 
r 

where /3, V, f/^, (^^^(det (7^^)"^/^ are 6 functions of the coordinates, with detgAB = 
r%{u, 9, (p) for some fixed function b{u, 9, (p). The inverse to the metric 

fe'^^ + gcDU^'U'' -e'^ -9BcU^\ 

-e2/3 

V -9AcU'' 



9piv 



9ab J 



is given by 



/ 



9 



r 





V 



\ 

f;Ag-2/3 gAB 



The fall-off conditions are 

gABdx^dx^ = r'^'jABdx^dx^ + 0{r) 



(4.2) 



Sachs chooses 'Jab = oIab to be the metric on the unit 2 sphere, o'jABdx dx = d9 + 
sin^ 9d(f)'^ and b = sin^ 9, but the geometrical analysis by Penrose [|5T1| suggests to be 



'Due to a change of conventions, some sign errors remain in section 2 of the pubhshed version of fOj. 
See the latest arxiv version for corrections. 
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somewhat more general and use a metric that is conformal to the latter, for instance, 
^Asdx^dx^ = e'^'^{d6'^ + sin^ Odcj)^), with ip = Lp(u, x^). We will choose the determinant 
condition more generally to be b{u, x"^) = det'jAB- In particular, in the above example, 
on which we now focus, b = e'^'f siv? 9. 

The rest of the fall-off conditions are given by 

/3 = 0{r-^), V/r = -2rip-e-^'^ + Aip + 0{r-^), U^ = 0{r-^). (4.3) 

Here, a dot denotes the derivative with respect to u. Da denotes the covariant deriva- 
tive with respect to ^ab- We denote by T^^ the associated Christoffel symbols and by 
A the associated Laplacian. Similiarily, qDa, o^bc^ correspond to oIab- Note that 
g'^^gnc = ^^^^ condition on the determinant implies 

g'^^drQAB = 4r-\ 

g^^'d^gAB = l^^'dulAB = 40, (4.4) 
g'^^dcgAB = 7^^^c7ab = o7^^^c oIab + 4:dc^, 

where 'J'^^'Jbc = — oI'^^oIbc- In terms of the metric and its inverse, the fall-off 
conditions read 

' gun = -2np - + Aip + 0{r-^), g^r = -1 + 0{r-^), g^A = 0(1), 

grr = = grA, gAB = r'^lAB + 0{r) , 

gur = _i + 0(r-2), = = g-^^, 

^ g"-"- = 2rif + e-^'f - A^f + 0{r-^), g'^ = 0(r-2), g^B ^ ^-2^ab ^ ^(^-3)^ 

With the choice = 0, Sachs studies the vector fields that leave invariant this form of 
the metric with these fall-off conditions. More precisely, he finds the general solution to 
the equations 

C^grr = 0, C^grA = 0, C^gABg^^ = 0, (4.5) 
C^gur = 0{r-^), C^g^A = 0{l), C^gAB = 0{r), C^g^^ = 0{r-'). (4.6) 

For arbitrary ip, the general solution to (14.51) is given by 

e = /, 

^A^Y^ + I^, I^ = -f,Brdr'{e'^g^^), (4.7) 
e- = -ir(V' + x-/,Bf/^ + 2/9,<^), 

with drf = = djY^ and where 'tp = DaY"^, x = DaI"^- This gives the expansions 

e = /, e^ = r^-r-7,i?7''^ + 0(r-2), 
r = -r(/0 + |^) + |A/ + O(r-i). 
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The first equation of (14.61) then implies that 

1 1 
f = f^ + -^^f = e^[T + -j^ du'e-^^P] , (4.9) 

with T = T{e, (j)), while the second requires = and thus = ¥^{6, 0). The 

third one implies that is a conformal Killing vector of 'Jab and thus also of oIab- The 
last equation of (14.61) is then satisfied without additional conditions. For the computation, 
one uses that A = e~^'^o A and ^ = + 2Y"^dA(p, with oip = qDaY"^ and the following 
properties of conformal Killing vectors Y^ on the unit 2- sphere, 

2qDbqDcYa = o'ycAoDBoi'+o7ABoDcoi^-olBcoDAoi^+'2YcojBA-2YAo'yBc, (4.10) 

where the indices on Y^ are lowered with 'Jab- This implies in particular qAY"^ = —Y"^ 
and also that qAq^ = — 2o^. 



4.2 bm54 Lie algebra 

By definition, the algebra bmS4 is the semi-direct sum of the Lie algebra of conformal 

d 

Killing vectors Y"^-^^ of the unit 2-sphere with the abelian ideal consisting of functions 
T(x'^) on the 2-sphere. The bracket is defined through 

(y,f) = [(Fi,Ti),(F2,T2)], 

Y^ = Y.^dsYi - Y^dnY^^, (4.11) 

f = Y^dAT2 - Y^dAT^ + ^(Ti oV^2 - T2 oV^i). 

Let S = M X S"^ with coordinates m, 6', 0. On consider the scalar field and the 
vectors fields ^ (v?, T,Y) = f— , with / given in (|4.9I) and an ^-independent 

conformal Killing vector of S'^. It is straightforward to check that these vector fields form 
a faithful representation of bms4 for the standard Lie bracket. 

Consider then the modified Lie bracket 

[^1, 6]a/ = [^1, 6] - 51^2 + Sl^i, (4.12) 
where ^|^^2 denotes the variation in ^2 under the variation of the metric induced by ^1, 

Spacetime vectors ^ of the form (14.71) . with Y^{x^) a conformal Killing vectors of 
the 2-sphere and f{u, x^) satisfying (14.91) provide a faithful representation o/brriS4 when 
equipped with the modified Lie bracket [-, ■]m- 

Indeed, for the u component, there is no modification due to the change in the metric 
and the result follows by direct computation: [^1, ^2](a^) = /' where / corresponds to / 
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in (14.91 ) with T replaced by T and Y by Y . By evaluating C^g^^, we find 
It follows that 



(4.13) 



We have lim^^oofG) 6]m = ^nd, using dr^"^ = g^^e^^dsf, (|43I ) together with the 
expression of ^'^ in (14.81) . it follows by a straightforward computation that f^r([^i5 ^2]m) = 
g'^^e^^dsf, which gives the result for the A components. Finally, for the r component, 
we need 

dr{-) = -\{drX-dBfdrU). 

r 2 

We then find limr_j.oo ^'^^'^^^^^ = — + 2fdu^), where ip corresponds to ^ with 
replaced by Y^, while 9r(^^^^^^) = — ~ dBfdrU^), where x corresponds to x 
with / replaced by /. This gives the result for the r component and concludes the proof. 

In terms of the standard complex coordinates = e**^ cot |, the metric on the sphere 
is conformally flat, 

d9' + sin' ed<i)^ = p-'dcdc P(C, = ^(1 + CO, (4.14) 

and, since conformal Killing vectors are invariant under conformal rescalings of the met- 
ric, the conformal Killing vectors of the unit sphere are the same as the conformal Killing 
vectors of the Riemann sphere. 

Depending on the space of functions under consideration, there are then basically two 
options which define what is actually meant by bmS4. 

The first choice consists in restricting oneself to globally well-defined transformations 
on the unit or, equivalently, the Riemann sphere. This singles out the global conformal 
transformations, also called projective transformations, and the associated group is iso- 
morphic to SL(2, C)/Z2, which is itself isomorphic to the proper, orthochronous Lorentz 
group. Associated with this choice, the functions T{9, (p), which are the generators of the 
so-called supertranslations, have been expanded into spherical harmonics. This choice 
has been adopted in the original work by Bondi, van der Burg, Metzner and Sachs and 
followed ever since, most notably in the work of Penrose and Newman-Penrose [|5Tl[60l . 
where spin-weighted spherical harmonics and the associated "edth" operator have made 
their appearance. After attempts to cut this group down to the standard Poincare group, 
it has been taken seriously as an invariance group of asymptotically flat spacetimes. Its 
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consequences have been investigated, but we believe that it is fair to say that this version 
of the BMS group has had only a limited amount of success. 

The second choice that we would like to advocate here is motivated by exactly the 
same considerations that are at the origin of the breakthrough in two dimensional confor- 
mal quantum field theories [[6TII . It consists in focusing on local properties and allowing 
the set of all, not necessarily invertible holomorphic mappings. In this case, Laurent series 
on the Riemann sphere are allowed. The general solution to the conformal Killing equa- 
tions is = Y(Q, = Y{(), with Y and Y independent functions of their arguments. 
The standard basis vectors are choosen as 

ln = -C^'-^i ln = -C^'-^, neZ (4.15) 

At the same time, let us choose to expand the generators of the supertranslations in terms 
of 

T™,„ = P-V"C, m,neZ. (4.16) 

In terms of the basis vector li = {li, 0) and Tmn = (0, T^n), the commutation relations 
for the complexified bms^ algebra read 

_ / + 1 - _ l + l (4-lV) 

The bmS4 algebra contains as subalgebra the Poincare algebra, which we identify with 
the algebra of exact Killing vectors of the Minkowski metric equipped with the standard 
Lie bracket. 

Indeed, these vectors form the subspace of spacetime vectors (14.71) for which (i) (3 = 
= = Lp while V = —r and qab = o7ab and (ii) the relations in (14.61) hold with 
on the right hand sides. The former implies in particular that = —^io'j^^dBf, while a 
first consequence of the latter is that the modified Lie bracket reduces the standard one. 

Besides the previous conditions that Y^ is an w-independent conformal Killing vector 
of the 2-sphere, Cy o7ab = oDcY^ oIab and / = T + |m oip with r„ = = T^, we 
find the additional constraints 

oDAdBO'ip + oDsdAO'ip = OlABO^O'ip, (4.18) 

oDaObT + oDbOaT = oiAB oAT, BaT = -^^^(oAT). (4.19) 



In the coordinates (, (, these constraints are equivalent to d'^Y = = ff^Y and d'^T 

— 9 = — 



= (9^T, where T = P and d = -wr, d = J^, so that the complexified Poincare 



algebra is spanned by the generators 

Iqi h, l-i, h, Tofi, Tifi, To,i, Ti^i, (4.20) 
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and the non vanishing commutation relations read 

1111 

[^0;^0,o] = 2-^0,0; [^0)^0, l] = '^'^0,1, [^0;^l,o] = —^'^1,0, [^0; ^l,l] = ^^'^l,!, (4.21) 
[^l,^0,o] = ^1,0, [^Ij^O.l] = ^1,1, [^l,^0,o] = ^0,1, [^1,^1,0] = ^1,1- 

In particular for instance, the generators for translations can be written as |(Ti i +To,o) = 
1, i(Ti,i - To,o) = cos 6*, i(Ti_o + ^0,1) = sin 6*003 0, ^(Ti_o - To,i) = sin 6* sin 0. Note 
that in order for the asymptotic symmetry algebra to contain the Poincare algebra as a 
subalgebra, it is essential not to restrict the generators of supertranslations to the sum of 
holomorphic and antiholomorphic functions on the Riemann sphere. 

The considerations above apply for all choices of if which is freely at our disposal. 
In the original work of Bondi, van der Burg, Metzner and Sachs, and in much of the 
subsequent work, the choice = was preferred. From the conformal point of view, the 
choice 

^ = ln[^(l + CC)] (4.22) 

is interesting as it turns 'Jab into the flat metric on the Riemann sphere with vanishing 
Christoffel symbols, 

^ABdx^dx^ = dCdC (4.23) 

In this case, ijj = BaY^, 

f = f + ^utlj, (4.24) 
with T = PT. In terms of T, we get instead of the last of (14.111) 

f = Fi^fs + ^Ti^Ay/ - (1 ^ 2). (4.25) 

In terms of generators, the algebra (14.171) is unchanged if one now expands the super- 
translations T directly in terms of Tm,n = C^C"- 

More generally, one can also consider the transformations that leave the form of the 
metric (14.11) invariant up to a conformal rescaling of gAs, i-e-, up to a rescaling of by 
uj{u, x^). They are generated by spacetime vectors satisfying 

C^grr = 0, C^grA = 0, C^gAsg^^ = 4w, (4.26) 
^i9ur = 0{r~'^), C^guA = 0(1), C^gAB = 2ujgAB + 0{r), 

J~-i9uu = -2ru - 2we-2^ + 2ujAi^ + 0{r~^). (4.27) 
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Equations (14.261) . (14.271) then imply that the vectors are given by (14.71) and (14.91) with 
the replacement ^/^ — )■ — 2a;. 

With this replacement, the vector fields ^ = — h Y^-^-^ on 3 = M x 5^ equipped 
with the modified bracket provide a faithful representation of the extension of bms^ de- 
fined by elements (F, T, uj) and bracket [(Fi, Ti, wi), {Y2, T2, ^2)] = w), with Y, f 
as before and u) = 0. 

Indeed, the result is obvious for the A components. Furthermore, 

SIJ2 = + ^ rfn'e-'^[-a;i(^2 - 2a;2) + 2F2^aAa;i]. 

Atti = 0, we get [^i,^2]Mk=o = e'^\u=oT, while direct computation shows that ^^([^i, ^2] m) 
f(p + \DbY^, as it should. 

Following the same reasoning as before, one can then also show that the spacetime 
vectors (14.71) with the replacement discussed above and equipped with the modified Lie 
bracket provide a faithful representation of the extended bms^ algebra. 

Indeed, we have ^ = I + I""^ + r|:- Furthermore, [ii^m, = [IiMm = f 
as it should. In the extended case, the variations of (3, are still given by (14.131) . We 
then have lim^-s-oof^i, C2]m — ^'^^ fi'^'l' ^f*^^^ some computations, dr{[ii,^2\M) = 
g^^e^^dsf, giving the result for the A components. Finally, for the r component, we 
find lim,^oo ^^i^lk = + 2/0), while dr{^^^) = -^{drX - ^sMf/''), which 

concludes the proof. 

In order to make contact with the original literature, we have choosen the conformal 
factor with respect to the unit sphere, 'Jab = e^*^ o'Jab- Computations could have been 
simplified and the derivation of algebra (14.171) would have been streamlined by introduc- 
ing the conformal factor directly with respect to the flat metric, 'jAsdx'^dx^ = e^'^dCd(, 
with Lp{u, C,C) = if — In P, as presented in |[8l. In this case, the determinant condition is 
taken as 6 = ^e'^'^, while the boundary condition that involves the conformal factor now 
reads 

- = -2rdu^ + A0 + 0(r-^), (4.28) 
r 

where A^p = Ae~'^'^dd(p with d = d(^,d = d^. 



4.3 Solution space 



We start by assuming only that we have a metric of the form (14.11) and that the determinant 
condition holds. Following again ll52l . the equations of motion are organized in terms of 
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the Einstein tensor Gap = Rap — \gai3R as 

Gra = 0, Gab - ^jAB^^^GcD = 0, (4.29) 
Guu = = GuA, (4.30) 
g^'^GcD = 0. (4.31) 

Due to the form of the metric and the determinant condition, equation (14.311) is a conse- 
quence of (14.291) on account of the Bianchi identities. Indeed, the latter can be written 

as 

= 2V^Gi^^ = 2{^gGi),p + ^/^gGp^^^. (4.32) 

When (14:291) hold and a = 1, we get Gab9^^ ,r = = IqabQ^^ ,r9^"GcD- This implies 
that (|4.31l) holds by using (1441) . 

The remaining Bianchi identities then reduce to 2{y/—gG^)^i3 = = 2{y/^G'^)^p. 
The first gives {r'^GuA),r = 0. This means that if r'^GuA = for some constant r, it 
vanishes for all r. When GuA = 0, the last Bianchi identity reduces to {r'^Guu),r = 0, so 
that again, r^Guu = everywhere if it vanishes for some fixed r. 

Let kAB = \gAB,r, Iab = \gAB,u, = ^'^^'^'^ 9abU^ with indices on these variables 
and on U"^ lowered and raised with the 2 dimensional metric gAB and its inverse. Define 
through the relation = + ^K^. In particular, the determinant condition 
implies that A; = ^ and thus that = 0. Similarily, if = Ij^'^jab,u + ^L^^, the 
determinant condition implies in particular that is traceless, = 0. Note that for a 
traceless 2x2 matrix M^i, we have M^cM^b = ^M^dM^c^b- 
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For a metric of the form (14.11) . we have 

^ur = -kiU"" + e'^id^P - n^), = -UA- e-'^kABU"", 

Kr = -kdr + 2Ar)- - W,A + UaW, 

2 r 

rl = li + l^'^D^Us - I'^'^DsU^ + U^W,B - ns) - e-'^kscU^U^, 

ri = 2/3,„ + lidr + 2/3,,)- + 2U^nA + e-^^kAsU^U^ , 
2 r 

= e-'^il-^'^DAUB + 1^'^DbUa + Iab + kAB-), 
2 2 r 

Ka = -(^ + + e-'^U^ll^'^DAUB + 1^'^DsUa + Ub + ^kAB]), 
2 r 

1 V IV VI. V V . 
Ku = - 2/3,0- + T^-idr + 2/3,,,)- + -U^dA + 2/3,^)- + 2-f/^n^ 

2 r 2 r r 2 

+ Le-^PkABU^U^ + e-^f'lABU^U^ + e'^^U^U^^^^ DaUb- 
r 

To write the equations of motion, we use that \ ^^^g\ = e^^\^'^^g\ and 

R,u = [da + (2/3 + i In |(^)(?|),„] r^, - d,d,{2P + \\n \('^g\) - T^^rJ, 



2 

The equation Grr = Rrr = then becomes 



fia' 



1 r 1 f°° 1 

= -Yr + t^kl = ^.KiK^A ^ /5 = - / d^'^^^sKl • (4.33) 



This equation determines /3 uniquely in terms of qab because the fall-off condition (14.31) 
excludes the arbitrary function of m, allowed by the general solution to this equation. 

The equations GrA = RrA = read 

drir^UA) = J A, 

2 1 (4.34) 

Ja = r\dr - -)P,A - ^'^DbK^ = dA{-2r/3 + -KEK^) - ^'^DbK^ 

In the original approach |l5l[6l|, it was assumed in particular that the metric qab admits an 
expansion in terms of powers of starting at order r^. We will assume 

gAB = r^lAB + tGab + Dab + \iabC%G^ + o{r~'), (4.35) 
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where indices on Cab, Dab are raised with the inverse of ^ab- In [l52l . it was then shown 
explicitly how (|4.35l) is related to the conformal approach [ISTl l62l and imposed through 
differentiability conditions at null infinity. 

Under the assumption (14.351) . C£ = = D^^ and 

K^ = -\c^-r-'Di + o{r~'-% 
P = -y-'CiC^A - ^-'CiD^ + o{r-^-% (4.36) 



J A = -DbC^ + t-^DbDI + o{r-^'') 



These equations then imply ua = \r^^ DbC^ + r~'^{\nrDBD^ + Na) + o^r^"^^") and 
involve the arbitrary functions Na{u, x^) as integration "constants". Because has to 
vanish for r — )■ oo, we get from the definition of ua 



U^ = Ar-^DBC^^--r-^ 
2 3 



(Inr + ^)DbD''^ - ^CiDcC''^ + 



+ o(r-3-), 



(4.37) 

where the index on Na has been raised with 7^^. 

It is straightforward to verify that if one trades the coordinate r for s = r^^, the only 
non vanishing components of the "unphysical" Weyl tensor at the boundary are given by 

\im{s^WsAsB) = -Dab, (4.38) 

(see e.g. [53J for a detailed discussion). In [[6l, the condition Dab = was imposed in 
order to avoid a logarithmic r-dependence in the solution to the equations of motion and 
to avoid singularities on the unit sphere. When one dispenses with this latter restriction, 
absence of a logarithmic r-dependence is guaranteed through the requirement DbD^^ = 
0. In the coordinates (, ( and with the parametrization 'jABdx'^dx^ = e^'^d(d(, this is 
equivalent to 

L>cc = d{u, C), i^cc = 0, % = 0. (4.39) 

A more complete analysis of the field equations when allowing for a logarithmic or, more 
precisely, a "polyhomogeneous" dependence in r can be found in [63 J. 

Starting from 

Rab = [dr + 2/3,, + '^)r^s - k^rsc - k^^Ac + ^'^Rab - 2^^^DbP,a 

+ {du + 2/3,u + /)r^g — r^^r"^ — rj^^rj^^ 
- r^^r^^ - r^^n^ + '-'^Dcie-'^u^kAB) 

- e-^^U''kBDU''kAc + 2e-^^l3^cU^kAB, 
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we find 



r r 2 2 



(4.40) 



When taking into account the previous equations, Gur = Rur + \e^^R = reduces 
to q^^Rab = 0. Explicitly, we find from the trace of (|4.40l) 



drV = J, 

J = e2''r2((2)A/3 + 9^/39^/3 + n^'riD - -^^^R) - 2rl - -(9, + -^^^DbU'' 

2 2 r 

= -2rl + e^^r^ [^'^A/? + (n^ - d^(5){nA - OaP) 
-^''>DAn^ - ^('^i?] - 2r(2)D^t/^ 
= -2rl-lR + o{r-^-'), 



(4.41) 



where we have used the previous equation to get the second line. This equation implies 



- = -rl--R + r^^2M + o(r-^-') 
r 2 ^ ^ 



(4.42) 



and implies a third arbitrary function of M(u, x^) as integration constant. 

We have Gab — \gABg^'^GcD = Rab — ^9ABg^^RcD- Taking into account the pre- 
vious equations, it thus reduces to the condition that the traceless part of (14.401) vanishes. 
Using that duk^ = dj^ - 2{l^ki - A;^/^), we get 



{dr H )Ib ~ (J-Aks ~ kA^s) + T^k^l 
r 2 



+ e 



2/3 



1, 



D 



The various definitions then give 



a tD (tDt^A t^DtA\ _ jD 

Url^B 2 V-'^^-^-B ^B) — ) 



(4.43) 
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where 



J; 



r r 2 2 



+ 



+ re 



2/3 



n 



-7 "lAB,u - T^k^l 



r . 
2' 



hK^^^'^^CB,u - i''''icA,uKi). {AAA) 
2r 



The previous equations imply 



2 r 2 ^ 2 

- + (^^D'^Ub) - rU^'^'^Dck'i + -kSi^'^D'^UB - ^'^DbW") 

2 2 



+ re 



2/3 



n 



(4.45) 



- ll^^lAB^u + ^fcf / - ^^{K^l^^^CB,u - l^^lCA^uKi). 

Let = -^{K^5^ - 5qK^) and ^7?. denote anti-radial ordering. Equation 

(14.431) without right-hand side has the same form as the Schrodinger equation with time 
dependent Hamiltonian. If we define 

^i'<^(r<, r>) = ^7^exp [- H rfr'Of^(r')], 

the solution to the inhomogeneous equation (14.431) with non-vanishing can then be 
obtained by variation of constants and reads 

Ll{r) = UEi{r,oo)[^N^ + J dr'f/f#(oo, r') J|(r')], (4.46) 

and involves two more integration constants encoded in Nj^ {u,x^). 

In other words, the r-dependence of Qab.u is completely determined up to two inte- 
gration constants. It follows that the only variables left in the theory whose r-dependence 
is undetermined are the two functions contained in Eab{uo, r, x*") = gAsiuo, r, a;*") — 
r'^lABiuo, x^) - rCAB{uo, x^) - Dab{uo, x'^) - \^abC%Cc at some initial fixed uq. 

When expanding into orders in r, one finds in particular 



D 
'B 



-Xi''^Cab,u - C''^lAB,u) + -r^i i^'^d^iDAB + -,1abC%CE) 



^ ^AB,u- L) jAB^u + ^(-'f^eI 1AB,u 



+ o(r 



-l-e\ 



-^B = T,^B^- 1AB,u + \^ lAB,u - 7 1CA,u(-^b\ 



+ if-'llD'i + D^^^AB,u - i'^'^IcaM] + o{r-'^') 
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When injecting into the equation of motion (14.431) . the leading order requires that 

lAB,u = llAB, (4.47) 

or, in other words, that the only u dependence in 'Jab is contained in the conformal factor. 
This agrees with the assumption of section 14. 1[ where the w-dependence of 'Jab was 
contained in exp 2ip and / = 2du'f, and also with the discussion at the end of the previous 
subsection, where it was contained in exp 2(p and / = 2du'^. In the following we always 
assume that (14.471) holds. In particular, this implies 

= lil''''CAB,u - ICE) + \r-'[l''''DAB,u - C^^'Cab^u 



IDE + \c''^duCEF6'i]+ o{r'^-^) 



When taking into account the next order of (14.431) and comparing to the general solution 
(14.461) . we get 

d^DAB = 0, Nab = O^Cab - CabI, (4.48) 
where the index on has been lowered with ^ac- This implies in turn that 

li = + y^Ni - y^iC^NE - N^CE + 21D^] + o(r-2-). 

At this stage, equations (I4.29|) have been solved, and then (14.311) holds automatically 
on account of the Bianchi identities. Furthermore g^^Gco = reduces to Rur = and 
we also have i? = 0. Under these assumptions, we only need to discuss the r independent 
part of r'^GuA = and then of r'^Guu = 0, which reduce to r'^RuA = and r'^Ruu = 0, 
respectively. The r-independent part fixes the u dependence of A^^ and M in terms of the 
other fields. Explicitly, 

RuA = {-du + l)/3,A - QaI - {du + l)nA 

+ tib^'^^D'^Ua - PJ^^DaU'' + 2f/^(/3,BAA + riBUA) 

+ ^'^Db [l^ + ^D^Ua - ^DaU^ + U^{P,A - ua)] + 2nBll 

2 V A V 2 n Vr V 

- {dr + 2/3,, + -)(^) - -{dr + -)nA + k1{^ + 2-nB) 

- e-'^{dr + -) [U^i^DAUB + ^DbUa + Iab + -kAB 

r ^ 2 2 r 



(du + l)kAB - ^I'^kcB - 2k%B - "^k^kcB^ 

+ ^^Dc{kABU^) - kAC^'^D^UB - kBC^'^D^UA 
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and the term proportional to r ^ yields 

{du + i)Na = SaM + -c^SbR + [nEC'b] - ]daC^nS 

4 ib 4 

- \ds [CEN^ - NSC^a] - \db [D^DcC^a - DaDcC^^] 



^Wa [CSC^] + ^dJCECi + \db [iDl] . (4.49) 



Similarily, 



Run = (5. + 2/3,„ + /)ri + (dr + 2/3,, + ^)T:^ + {dA + 2/3,A + ^'Ka)^uu 

^h',uu ^ui' \^ uu) ^-^ uA^ uu \^ ur) '^^ uA^ ur ^ uB^ uAi 

and the term proportional to r ^ yields 

(du + ll)M = —NiN^ - hc^N^ - l-/CiC^A + 

+ -DaDcN'^'' + UdaDcC^^ + -DcIDaC''''. (4.50) 

4 o 4 

All these considerations can be summarized as follows: 

For a metric of the form (14.11) satisfying the determinant condition and with qab as in 
(14.351) . the general solution to Einstein 's equations is parametrized by the 2 dimensional 
background metric 7^b(m,x'") satisfying (14.471) . by the mass and angular momentum 
aspects Miu^x"^), Na{u,x^) satisfying (14.501) . (14.491) . by the traceless symmetric news 
tensor Nab{u,x'^') defined in (14.481) . and by the traceless symmetric tensors Dab{x^), 
Cab{uo, x'^), Eab{uo, r, x*^). 

For such spacetimes, the only non vanishing components of the unphysical Weyl ten- 
sor at the boundary are given by (|4.38l) . When logarithmic terms are required to be 
absent in the metric, Dab{x^) has to satisfy DbD^ = 0. In the coordinates (, ( and the 
parametrization '^ABdx^dx^ = e^'^dC^dC,, this leads to (14.391) with d = d{Q and d = d{() 
by also taking (14.481) into account. 

In particular, let us now use the parametrization 'jABdx'^dx^ = e^'^dt^dC,. The deter- 
minant condition then reads AeigAB = e^^^- Even though we will not use it explicitly 
below, let us point out that the determinant condition can be implemented for instance by 
choosing the Beltrami representation, 

/.= ^^, h- 



9a + f 9a + f 

2fh 2fh f{l + y) 

^ " fii-yv ^ " f{i-yy ^ ~ m-yy 
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where / = a/— y = hh, with / = yc^*^ fixed, while h = 0{r ^] 
one can choose 



h. Alternatively, 



= fe"^ sinh p, g^^ = fe sinh p, g^^ = f cosh p, 
g« = -/-ig-^" sinh p, g^^ = -/-^e*" sinh p, g^^ = /"^ cosh p, 

where p = 0(r^^) and a = 0(r*^). 

In the parametrization with the conformal factor introduced with respect to the Rie- 
mann sphere, we can write 

D(( = d, D^^ 
Equations (I4.36L (14.371) and (14.421) read 



(J, L><^^- = 0. 



(4.51) 



P = ~r-^cc - ^r-2e-2'^(dc + dc) + o{r-^-'), 



2^^ 

2 

3^3 



(Inr + -)4e-^^9d - Ae-^^cd{e^^c) + M 
3 



(4.52) 



+ oir 



and the evolution equations become 

duie^^M) = du {e^ [d'^c + B'^c + 2(9^(9c + 2d^dc + 29Vc + 2d'^^c] 

+e~^( - 4(99) V + 8 [{dBipf + d^pdB'^ip + B^d'^B^ - 2B^d^dB^] 



2^ 



(9M + - [{dc + hcd)duc - (3c9 + 79c)9„c] + 2d^{cduC - cduc) 
~du'^B{cc) + Bdu'^cc + 2{ddu'p + du'^d)d 



+9^c + 29Vc + 49V5c - 4(9^92^c - 4(9(^)29c 
—d^Bc — 2{d^pd + d'^(p)Bc — 2{dB(p — Bcpd — 2B(pdip)dc 
-2{d'^B^ + 299V - 29^9V - 49^99^)c. 

(4.53) 

Let us now set = 0. Note that one can re-introduce an arbitrary (p through the 
finite coordinate transformation generated by ^" = —uip, = — dr\e^^ g^^). 
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I _ _ -1 

{\nr + -)Add-4cdc + N'^ +o(r-^~'), 
3 



C = —\r{dA^^ — 2(p — f,BU^). The above relations then simplify to 

(3 = ~r~^cc - ^r~^(c/c + dc) + o(r"^"'), 

- = r-i2M + o(r-i-^), (4.54) 
r 

a„M = [9^^ + d'^c] - ct, 

duN-^ = (9M + ^ [{dc + 5c(9)c - (3c9 + 7dc)t] + - d'^dc. 

When defining M = M - c^^c - S^c and iV'^ = -y^[2A^^ + Icdc + 3cac], the evolution 
equations become 

duM = —cc, 

L (4.55) 
39„M = -9M - 2(9^c - (9c + 3c(9)c. 

4.4 Realization of bms4 on solution space 

In order to compute how bmS4 is realized on solution space we need to compute the Lie 
derivative of the metric on-shell. We will do so for the extended transformations defined 
by (I4.26I) - (I4.27I) and use —5^ab = '^^Iab- Let ip = ip — 2uj. This gives 

- 6Cab = [fdu + Cy- ^(^ + fl)]CAB - ^DaDbJ + ^flAB, (4.56) 
where (14.481) should be used to eliminate B^Cab in favor of Nab and 

- 5Dab = CyDab, (4.57) 

where we have used that 

DADcfCi + DbDcIVx - lABDcDcfC'^'' - AJCab = 0, 
DAfDcC% + DbJ-DcCx + DcfDAC% + DcIDbC^- 
-D'^fDcCAB - lABDcfDnC'"' = 0, 

which can be explicitly checked in the parametrization 'jABdx'^dx^ = e^'^dCd( with Cab 
defined in (14.511) . By taking the time derivative of (14.561) and using (14.481) . (14^91) with 
replaced by ip, one finds the transformation law for the news tensor, 

- SNab = [fdu + Cy]Nab - (DaDb^ - ^A^7^b) 

+ ^(2// + ff + ^l-Au + 2Y^DcI)Cab 

+ l{DADBf - \miab) - JXDaDbI - ^AI^ab)- (4.58) 
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We have QuA = ^DbC^ + fr"! [(Inr + ^)DbD^ + IC^DcC^ + Na] + o{r-'-^), 
and by computing C^Qua on-shell, we find to leading oder that —5{DbC^) = [fdu + 
Cy + Ulf + nDsC^ - + + dcf{N^ + IC^) - dAiAf) - dAfR. This 

is consistent with (14.561 ) by using the generalization of (14.101 ) which reads 

2DbDcYa = IcaDb^ + IabDc^ - IbcDa^) + RYcIba - RYaIbc, (4.59) 

and implies AF^ = — = —Rip. The logarithmic term gives —5{DbD^) = 
{fdu + Cy + lf + 'iI>)DbD^, which is again consistent with (14.571) . while the r"^ terms, 
when combined with the previous transformations, give 

- SNa = [fdu + Cy + ^+ fl]NA - \[fDBl + DBi' + {^+ lf)DB]Df 

+ 3DAfM - ^DAfN^C^ + ^DBfN^C^ + ^(DAfl - fDJ - Da^){CEC^b) 

+ \{DBfR + DBAf)C^ - ^DBfiD^'DcC^ - DaDcC"^) 

+ \{DADBf - ]^AfiAB)DcC''^ + ^-DA{DcDBfC''^). (4.60) 

Here BuNa should be eliminated by using (14.491) . In the same way, from the order r^^ of 
C-^guu, we get 

-5M= [fdu + Y^dA + + fl)]M 

+ -^du[DcDBfC'''' + 2Db/DcC^^] + \[DAfl - fDj - Da^]DbC''^ 

+ ^dAfid^'R - C^^DbI) + h[DcDBfC'''' + DBfDcC''% (4.61) 

where duM should be replaced by its expression from (14.501) . 

Let us now discuss these transformations in the parametrization C, with ^ = = u; 
so that ^ABdx^dx^ = dC,dC,. From the leading and subleading orders of C-^qqq, ^s.9c,0 
get 

-5c = fc + Y^dAC + (-dY - -dY)c - 2d^f, 

^2 2^ ^' (4.62) 

-Sd = Y^dAd + 2dYd, 

with / given in (14.241) and the complex conjugate relation holding for c, d. In particular, 
for the news function we find 

-Sc = fc + Y^Oac + 2dYc - d^Y, (4.63) 

From the subleading term of C^g^'' and the leading term of C^guu and we get 

- SN'^ = Y^OaN^ + {dY + 2dY)N^ + -di^ipd) 

3 

-df(M + 2d^c + cc)-- [BM + 2d^c + {Be + 3cd)c] , (4.64) 
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-SM= - fee + Y^SaM + ^^M + cd^Y + cd'^Y + Ad'^d'^T. (4.65) 

As can be understood by comparing with the 3 dimensional anti-de Sitter and flat 
cases, this computation already contains information on the central extensions in the sur- 
face charge algebra through the inhomogeneous part of the transformation laws for the 
fields because the normalization of the generators is known from the charges of the Ken- 
solution. We plan to return to the details of this question elsewhere. 

5 Conclusion and outlook 

In this work, we have shown that the symmetry algebra of asymptotically flat 4 dimen- 
sional spacetimes is hms^, an algebra that contains both the Poincare algebra and the non 
centrally extended Virasoro algebra in a completely natural way. As a first non trivial ef- 
fect, we have computed the transformation properties of the data characterizing solution 
space. 

We have not analyzed in detail the singularities of the bmS4 transformations nor those 
of the classical solutions that ought to be allowed. Indeed, in the Bondi-Metzner-Sachs 
gauge, the bmS4 transformations that we are advocationg involve singularities at two 
points of the sphere at infinity that extend to or to Q'" and into the bulk. The reason 
why we have choosen this approach to asymptotically flat spacetimes at null infinity is 
its similarity with the Fefferman-Grahan definition of asymptotically anti-de Sitter space- 
times. The appearance of the extended transformations does not depend on this choice 
however. Indeed, in the geometrical approach to asymptotic flatness as developed in 
ll64l . there is also room for the extended transformations since the quotient algebra of the 
asymptotic symmetry algebra by the infinitesimal supertranslations is again characterized 
by the conformal Killing vectors of the two-sphere. 

More to the point, one can also consider a definition of asymptotic flatness in 4 di- 
mensions at null infinity that does not completely fix the gauge, as done for instance in [j3]| 
for asymptotically AdS^i spacetimes. Such conditions can be inferred for instance from 
equation (11.1.24) of fi651 . In this case, bms^ appears as the quotient algebra of allowed 
transformations modulo trivial ones. By adapting the arguments of footnote 6 of lfT3l one 
can then improve the asymptotic symmetry generators through pure gauge transforma- 
tions in such a way as to remove all singularities in the asymptotic symmetry generators 
at finite radius. From this point of view, the bulk singularities of the asymptotic symmetry 
generators appear as an artefact of the Bondi-Metzner-Sachs gauge fixation. 

We believe that our understanding of the symmetry structure and its action on solution 
space goes some way in getting quantitative control on "structure X" [66], i.e., on a 
holographic description of gravity with zero cosmological constant. 
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What we plan to do next is a systematic discussion of the central extensions and the 
representation theory of bms^ on the one hand, and a construction of the associated alge- 
bra of surface charges and generators on the other. In the future, it should be interesting 
to analyze in more details the consequences of our results on local conformal invariance 
for the non extremal Kerr/CFT correspondence and for the gravitational S -matrix for in- 
stance. 
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